The paper presents some results on the influence of the pre-stress induced by the erection method of elastic grid shells on their buckling capacity. It starts with the numerical methods and their validation with the study of a prebuckled arch. Then, a form-finding scheme using low-speed dynamics is used to generate automatically a family of elastic grid shells, and their buckling capacity is compared to the one of grid shells with the exact same geometry, but without any pre-stress. The paper demonstrates finally that the pre-stress decreases by a few percent the buckling capacity of elastic grid shells.
INTRODUCTION
The word grid shell is commonly employed to describe a structure with double curvature and built out of discrete members. Two typologies of grid shells exist. The first one is made of straight members assembled on a desired surface, and requires a consequent amount of work to manage the complexity of the connections. The use of CNC and digital tools has allowed the multiplication of such structures in the past decade [1] . The second one is the result of the elastic deformation of an initially flat grid with no in-plane shear stiffness, and thus resolves the geometric complexity of the connections. The bracing of the final shape provides a sufficient stiffness and a shell behavior. This construction principle has only been used a few times: for the Bundesgartenschau in Mannheim [2] , for the Downland Museum [3] , or for an experimental grid shell in GFRP [4] , and more recently, a temporary cathedral using GFRP [5] . Since the mounting sequence is based on the elastic bending deformation of the members, these structures are also known as "elastic grid shells", in opposition to "rigid grid shells", which are built from individual rigid members.
The erection process of elastic grid shells induces thus that the double curved shape corresponds to a pre-stressed state of the structure which is expected to decrease its performance. It has already been pointed out that, much like continuous shells, grid shells are particularly sensitive to buckling [6] . It is known that increasing the curvature of an arch or a shell increases its buckling capacity [7] . However, increasing the curvature of the elements in an elastic grid shell also means increasing the initial bending moment and compression forces in the structure, which has a negative effect on the buckling load. No simple calculation allows the comparison of these competing effects of the deformation of an initial geometry.
Moreover, the analysis of grid shells reveals that they exhibit a wide variety of buckling modes [8] , which might be influenced by the pre-stress. The coupling between internal stress and geometrical stiffness of elastic grid shells has therefore to be investigated and understood both qualitatively and quantitatively. In the present article, it will be focused on two questions. Does the pre-stress affect the buckling mode shapes? How does the pre-stress affect quantitatively the bearing capacity of elastic grid shells?
The preferred tool for this kind of problems is a parametric numerical study. The precise methodology is presented in the second section. The Finite Element Method is used for both form-finding and buckling analysis, this choice is validated with a comparison to existing literature. In the third section, results on the buckling of the Elastica used as an arch are presented. A simple analytical formula illustrates the fact that the buckling capacity of pre-stressed arches is mainly governed by initial axial forces. The buckling of pseudo-funicular elastic grid shells, which is the main topic of this paper, is investigated in Section 4. In this section, the choice of the parameters is discussed and compared to real values of existing projects. The parametric study shows that the buckling capacity of pseudo-funicular elastic grid shells is slightly reduced by the pre-stress. A brief conclusion sums up the main contributions of this paper.
METHODOLOGY
Numerical methods are the preferred tool to quantify the stability of grid shells [6] , [8] . This work puts emphasis on the use of finite element analysis, and more specifically of the linearized buckling analysis with the software ADINA. The approach chosen is to conduct a parametric study for a unique grid topology (an initially flat circular grid) with different levels of pre-stress and grid density. This choice of geometry is natural, because the dome typology is a common feature of architecture. Moreover, it has much symmetry that decreases the number of parameters to take into account. The problem is expressed in a dimensionless form, and the non-dimensional buckling capacity of the pre-stressed structure and unstressed structure are compared. The values of the parameters are chosen after study of existing designs in order to have reasonable values.
Procedure employed
Despite the increase of computational power, a complete incremental analysis of a structure up to collapse and beyond remains relatively time-consuming and expensive. One of the most delicate aspects of the analysis of grid shells is the sensitivity to imperfections, which are not well documented for elastic grid shells except in [23] . A common procedure prescribed by the former German codes for steel structures and in the appendix of the Eurocode is to apply an imperfection proportional to the buckling shape and to perform fully nonlinear analysis [10] [11] . This procedure, which is the most reliable, requires a linear buckling analysis in the first place. This last procedure remains thus an appealing procedure in practical cases, especially because it is considerably less computationally intensive. In the following of [9] and [12] , this study focuses thus on the linearized buckling analysis of elastic grid shells.
The procedure of the numerical simulations and the study of the influence of the pre-stress is summarized as follows, and illustrated in Figure 1 :
The grid is initially flat. The 2-node Hermitian beam elements are connected with links (Master/Slave nodes) and the ends of the grid can slide freely in the initial plane. b
A vertical line load is applied to the members, and the deformed shape of the grid is calculated using the static solver of ADINA and the Slow Dynamics option, which is required to stabilize the calculation. c
The vertical load is taken away and pin supports are added at the boundary. The diagonal bracing is then added to the relaxed structure. Since the bracing is added on the relaxed structure, no additional forces are induced after the relaxation. d A load is applied and the linearized buckling calculation is performed with ADINA. e
The step d. is repeated for a structure with the same geometry, but without any pre-stress.
The central feature of this procedure is that it combines form-finding and buckling analysis in the same computing environment, in the followings of works that have used dynamic relaxation [4] or explicit dynamics [13] .
Bracing system
The bracing step is key to the structural efficiency of the grid shell. Before it is added, the grid behaves as a network of connected arches, but the structure lacks in-plane shear stiffness, only the braced structure can be compared to a discretized shell [25] . Three technologies were used in historical examples. The first one, used in the Mannheim Multihalle, is a cross bracing with cables of one out of five cells of the grid [2] . Because the effectiveness of this solution relies on the pre-stress in the cables, and because materials used for elastic grid shells are subject to creep, this technical solution requires on-site adjustments after the construction. This led to the introduction of bracing systems based on a third layer of elastically deformed members and connected to the form-found grid [3, 4, 13, 14] . More recently, timber grid shells with rigid bracing were built [22] .
A first study has been conducted in [23] to investigate the influence of prestress. It focused on the local buckling of spheric elastic grid shells braced with a third prestressed layer and compared their bearing capacity to that of similar gridshells without prestress. It demonstrated that the influence of prestress is very low (less than 3%) and that the prestress distribution being very complex, it does not always reduce the capacity. Considering the specificity of the spherical form and the incertitude of the prestress field induced by the bracing, it was decided here to focus on pseudo-funicular shapes (with more homogeneous prestress) braced with rods. Two reasons justify this choice. Firstly, this bracing system has been used in recent projects and is a reasonable alternative to more conventional bracing techniques. Secondly, and unlike a bracing system with a third pre-stressed layer, adding rigid rods after the relaxation of the structure does not affect the distribution of forces and moments due to pre-stress in the grid. This guarantees a more straightforward interpretation of the results in terms of prestress of the grid.
The stiffness of the members composing the third layer influences the whole behavior of the shell, it is therefore important to estimate realistic values based on existing projects. Because most of the rigid diagonal bracing use a third curved layer, it is necessary to quantify the loss of stiffness due to the curvature. This has been done in [19] by studying the actual curvature of bracing members in recent grid shells and by estimating the stiffness of the bracing rods along the chords as the horizontal stiffness of equivalent circular arches. This study has shown that, in most cases, setting the stiffness of the rods to 1% of the axial stiffness of the grid members was a conservative but realistic choice. This value is thus adopted in the present work.
2D Validation of the linearized buckling procedure
No existing literature allows a validation of the linear buckling analysis on a 3D structure. For that reason, the validation of this procedure has been restrained to a 2D case, and more specifically the example of a prebuckled arch. The interest of this example lays in the fact that several results of experiments and of previous nonlinear calculations are available [16, 17] . The problem and its notations are shown in Fig. 2 . The values of interest are the critical uniform line load for buckling p cr , the initial length L, the final span L', the height of the arch h, the bending stiffness EI and the horizontal reaction force Q. The procedure presented in the Section 2.1 has been adapted to a pre-buckled arch. The buckling capacity of the pre-stressed and the equivalent rigid arch for the case where the parameter h/L′ is equal to 0.25 is shown in Table 1 . The results of the linearized buckling analysis are in accordance with the previous work [16] , which validates the method of analysis proposed.
STABILITY OF PRE-BUCKLED ARCHES 3.1. Description of the problem
The proposed methodology being validated, it has been applied on pre-buckled beams used as arches for a broader range of values of the parameters. The principle of construction of non-dimensional parameters for the buckling problem is recalled briefly below.
Because all the geometrical parameters L, L' and h can be related together by a curve known as Elastica, knowing two of these values is enough to describe the whole structure. The horizontal reaction force can also be determined if the geometry and the load are known. Therefore, the number of parameters describing the structure is reduced to four parameters, for example: L, h, EI and p cr . In this example, a Young Modulus of 25 GPa, a circular hollow section with an external diameter of 42 mm and a thickness of 3 mm with a length of 15 m have been chosen. This high slenderness is necessary to obtain reasonable stress in the structure. It is comparable to the laths of existing elastic grid shells. A dimensional analysis shows that two non-dimensional parameters can be used to described the problem, in order to remain consistent with the literature, the parameters Π 1 and Π 2 are introduced in equations (1) and (2):
In total, 18 values of Π 2 , from 5% to 50% have been studied. This covers the practical range of application of arches and provides more data than the previous literature [16, 17] .
Results
It appears that the buckling modes of the structure are not affected by the pre-stress. In all cases, the first mode is a non-symmetrical in-plane mode (shown in Fig. 3) , both for the pre-stressed and rigid arches. This is in accordance with the analytical solutions derived for circular arches by Timoshenko [7] and is directly linked with the high slenderness (low bending rigidity) of the tested arches.
The non-dimensional buckling load is plotted against the inverse of Π 2 in Fig. 4 . It appears that the pre-stressed arch has a decreased buckling capacity, which was expected given the fact that the compression force is higher in the pre-stressed arch. However, the critical load increases with the curvature: the negative effect of the pre-stress does not overcome the benefit of the stiffness induced by the form. Figure 3 . Buckling modes of pre-buckled arches with different rise-over-span ratios (deformed shape in red).
The results of the analysis in the case of the pre-stressed structures were compared with experimental results from [13] , as seen in Fig. 5 . The correlation between experimental data and finite element analysis is very good and validates the method on a bigger set of data.
Discussion: influence of the pre-stress
In order to quantify more precisely the influence of the pre-stress on the stability of pre-buckled arches, the ratio r of the critical load of the pre-stressed and rigid arches has been plotted in Fig. 6 . An approximate value of this ratio based on experimental data has been proposed in [18] , and is recalled in equation (3).
(3)
It has been noticed that an interesting relation can be found if this ratio is expressed as a function of the ratio , where δ is the support motion, as seen in 
This approximation is close to the one proposed by Thompson [16] , which remains valid for a large spectrum of values of d /L, as seen in Fig. 6 . The value of 75% can be explained by a simple calculation. Analytical results for the critical axial force in a circular arch can be derived from the critical pressure calculated by Timoshenko [7] . The limit of the axial force at the crown for very shallow arches (when α → 0) is given by equation (5).
The theoretical value of the buckling load of a shallow pre-stressed arch is found by noticing that the curvature, and thus the moment induced by the prestress are negligible when α → 0. Therefore, only the initial axial force F governs the buckling load of a shallow pre-buckled arch. It is noticed that the limit of this force when α → 0 is given by:
The theoretical value of the ratio r for shallow arches is given by equation (7) and is in accordance with the value proposed by Thompson. The parametric study conducted in this work shows that the ratio r increases with the pre-stress. This can be explained by a more detailed analysis of the internal forces in the arch. The previous analysis has illustrated that the initial axial force largely governs the reduction of the bearing capacity of the arch. During the postbuckling of the beam, the axial force at the crown only varies of 30% when the angle α described in Fig. 2 varies between 0° and 90° [7] . On the same hand, the geometrical stiffness and the buckling capacity of an unstressed arch increase by orders of magnitude, as seen in Fig. 4 . Therefore, the relative difference between the buckling loads of pre-stressed and unstressed structures decreases as the pre-stress increases.
So, The methodology employed in this paper allows the generation of accurate data that are in accordance with experimental results. The analysis of the data generated in this work illustrates the fact that prestress decreases the linear buckling load of an Elastica-type arch, and that the loss of bearing capacity is due to the initial axial forces. The whole procedure being validated, the question of the stability of elastic grid shells can be addressed.
STABILITY OF PSEUDO-FUNICULAR ELASTIC GRID SHELLS 4.1. Description of the problem
The study is conducted on pseudo-funicular elastic grid shells. In other words, the geometries generated are the result of the deformation of flat grids subject to uniform vertical line loads. In the spirit of the first grid shells of Frei Otto, this choice will induce a good behavior of the structure under self-weight. This formfinding method also implies that the structure is globally under compression when braced, which is not the case of form-finding methods such as [23] . Due to symmetries that simplify the interpretation of the results, the topology chosen is a circular flat grid.
The independent parameters chosen to describe the problem are shown in Fig. 7 :
the rise of the grid shell h; -the initial diameter of the grid L (the final span L' depends on L and h); -the spacing between elements l; -the bending stiffness of the elements EI; -the critical line load P cr . It is possible to create three non-dimensional numbers from these five dimensional parameters:
In this work, two mesh densities, or equivalently two values of Π 2 (1/8 and 1/16) have been considered, whereas ten rise-over-span ratios, or equivalently values of Π 1 varying between 20% and 50% have been studied. The diameter of the grid has been set to 15 m and the beams are circular hollow section with an external diameter of 42 mm, a thickness of 3 mm, and a Young's Modulus of 25 GPa. This makes the grids studied comparable with the elastic grid shell presented in [4] . Finally, a last case with a diameter of L = 45 m and Π 2 of 1/16 has been added to the set of data in order to have more information on the behavior of elastic grid shells subject to local member buckling.
This study focuses on single layer grid shells, because the influence of the pre-stress is expected to be more significant. The stiffness of the unconnected grids is far lower than the final stiffness: the forces and moments due to pre-stress are therefore lower in double layer grids. Some studies on the stability of prebuckled arches made out of sandwich panels indicate that the pre-stress plays a very limited role [24] . 
Choice of the parameters space
The choice of the range of parameters is based on a careful review of the major examples of existing elastic grid shells to this day. The geometrical and mechanical characteristics of these structures are recalled in the Table 3 . The geometrical features of grid shells were taken from [2, 3, 4, 5, 14, 26] and are summed up in [18] . A more recent review of properties of elastic grid shells taking non-regular grid shells is presented in [14] . The review proposed in this paper and summed up in Table 2 considers two restrictions: the built elastic grid shell has to carry loads other than its self-weight, and must be constructed from a regular grid. A Young's modulus of 10 GPa was considered for timber, and a Young's modulus of 26.7 GPa for GFRP was taken based on experimental studies of [4] and [27] . The inertia of the double-layered grid shells was calculated considering that the different layers were rigidly connected.
In practical cases, the parameter Π 1 varies between 30% and 58%. The values superior to 50% occur for barrel vault geometries, but not for domes, due to the limitation of stresses in the members. The existing elastic grid shells can be considered as high-rise shells, and therefore act in axial forces. The authors choose here to add low-rise domes in the parametric study, so that elastic grid shells subject to bending modes are considered. Based on this review, the study space for parameter Π 1 has been chosen as follows: (11) The value of L 3 /EL varies a lot between the first projects designed by Frei Otto with Ted Happold at Ove Arup and the more recent projects designed by Buro Happold. This parameter, which corresponds to the softness of the structure, has decreased significantly, probably due to the requirements of building codes. The
Earth Centre Grid Shell is a pavilion, built with different structural considerations compared to the other elastic grid shells. From this study follows therefore the range of values observed in existing projects, except the Earth Centre Grid Shell:
Finally, the ratio varies between 1% and 18% in existing projects. The authors propose following variations for Π 2 :
The exploration of the parameter space is inspired by the work of [8, 11] and is summed up in Fig. 8 .
Influence of the pre-stress on the mode shapes
The analysis of the mode shapes demonstrates that the pre-stress does not influence the type of failure mechanism in the examples of the parametric study. Fig. 10 illustrates that the failure mechanisms encountered vary from local node snap-through to single member buckling or global buckling.
In the cases where L = 15 m, the first mode is a global mode, whereas local modes can occur in the structures where L = 45m, due to a larger member length.
Influence of the pre-stress on the bearing capacity of elastic grid shells
It appears that, like in the 2D case, the pre-stressed structure has a lower bearing capacity than the rigid structure, as seen in Fig. 11 . The relative loss of bearing capacity is however inferior to the one observed for the pre-buckled arches. The mean value of the ratio of 3 1 the critical loads of pre-stressed and rigid structures for ∏ 2 = 1/16, ∏ 2 = 1/8, and L = 15 m is given by:
This decrease is far less important than the one observed for pre-stressed arches, and can be considered as negligible compared to other effects (geometric or load imperfections). The pseudofunicular state induces compression forces destabilizing the structure, which implies that the ratio is necessarily inferior to 1. This difference between arches and grid shells illustrates the structural behavior of elastic grid shells. Once the bracing is introduced, the grid shell no longer acts as a network of arches. For the same level of prestress, the bracing introduces membrane-shear stiffness. This explains the decrease of the influence of the pre-stress on the buckling capacity of elastic grid shells compared to arches. The only other case study on the buckling of elastic grid shells is presented in [23] . The magnitude of the influence of the pre-stress has been observed, with a change in buckling load limited to less than ten percent. Unlike the study in [23] , the pre-stress systematically affects negatively the bearing capacity of elastic grid shells evaluated in this paper. The bracing technique introduced in this paper preserves the force field of the two-way grids. Since only pseudo-funicular shapes are considered, it consists mainly of compression forces. The third pre-stressed layer, and the addition of eccentricities between layers create a more complex force field in the structures studied in [23] . Indeed, tension force can appear and their stabilizing effect improves the bearing capacity of elastic grid shells. This is another illustration of the predominance of the importance of axial forces over bending forces when stability of active-bending structures is concerned.
CONCLUSION
In this paper an analysis method for structures deriving their stiffness from pre-stress, more specifically prebuckled arches and elastic grid shells, has been proposed. Main contributions include: • Analysis procedure for pre-stressed structures; • Analytical solutions for the shallow pre-buckled arches; • Review of built projects in terms of mechanical parameters; • Creation of a set of data on the buckling of elastic grid shells. The set of data created shows that the pre-stress does not influence the mode shapes for reasonably sized grid shells. These different contributions lead to a simplified estimation of the buckling capacity of elastic grid shells subject to funicular loading, provided that the buckling mode is a shell mode. The influence of initial axial forces over bending moments is highlighted: the study illustrates the destabilizing effect of compression forces in pre-stressed structures. This effect is important for pre-stressed arches, but remains limited for elastic grid shells. This paper focuses on single layer grid shells, double layer grid shells are expected to be less affected by pre-stress. Indeed, beams have a high flexibility before the two layers are connected for composite action, meaning that the overall pre-stress and moment are lower in double layer grid shells.
Further work could include the study of nonfunicular loading as well as full non-linear calculations to determine the influence of imperfections. A linear buckling analysis, like the one performed in this paper, is indeed suitable for early stages of design, but the final design requires a full nonlinear analysis with imperfections. This work demonstrates that the buckling analysis of elastic grid shells can in many ways be related to the one of rigid grid shells. Therefore, all the progress made in the optimization of rigid grid shells could be transposed to elastic grid shells.
